Vibrat ionS Harmonic Excitation:

u(t) = uc(t) + up(t) = total response up(t) = A(w) cos(wt + p(w)) A(w) implies A(w) € Ry
F
mi+cu+ku=F({) = d+2§wnu+wiu=ﬂ Alw) w €(0,1) ¢()=0
m FRF = 7 = o =1 Resonance
0 n
(=" wn:\/? wi = wn/1T— (2 > 1 o) =
2muwy, m 7
up(t, ) = 0 cos(wt)

] mw2 1 — 02
Standard Form Conversions

1) Beos(wt) + Dsin(wt) Note: Resonance grows linearly with time.

2) A t . .
u(t) = ) CO.S(tw - QS), . Equation of Motion
3) Cred¥t+ Cre v
4)  Re{Ceivt} e Newton’s Law - FBD - >~ F = mi
B = Acos() D = —Asin(¢) e Buler’s Law - FBD - Y. M = J#
1) -2) .
A=vVBZ+D? ¢ =atan2(-D, B) e Energy Conservation KFE + PE = const
(dissipation not covered)
B = QRG{Ol} D= —QIm{Cl}
1)-3) 1 1. e Lagrangian L = KE — PE, % (%) - %—L =0 Vg
Ci=1B-1jD i)
2 2 (dissipation not covered)
on | B Re{C} D = —Im{C}
C=B-jD Fourier Series
2) - 3) A=2|C| ¢ = atan2(Im{C: }, Re{C1}) Z a, cos(nwt) + Z by, sin(nwt) T =2rw
C’l = %em
2) - 4) A=|C| ¢ = atan2(Im{C}, Re{C}) / f(t) cos(nwt)dt by = g/ f(t) sin(nwt)dt
C = Aei® T Jo
an and b, are inner products with each of the sinusoidal
3)-4) | C =20 C,=C/2 bases
Solutions
Standard 2% order: General Excitation
1) Polynomial
ue(t) = CreMt+Chelet up(t) = matches order of forcing 2) Harmonic
A2 = —Cwn £ wn /0721 = —Cw, + jwg € C f@) = 3) Periodic — Fourier Series
P 4 Und q 4) Impulse
rec and Undamped: 5) Aperiodic — Convolve
Celent 4 Creent Impulse: ivalent f
u(t) = { e ( +t) _f o ot Mo €C\R mpulse equivalent forms
ug cos(wp, 20 gin(wy, " . .
0 wn mh + ch + kh = §(t), h(0) =0, h(0)=0
Underdamped: mh + ch + kh = 0, h(0) =0, #(0)=1/m
— —Cwnt 3 — —Cwnt 1
up(t) =e (acos(wgt) + bsin(wgt)) =e cos(wgt + @) if Ce(0,1) h(t) = e~ nt in(wnt)
2 mwq
2 wq 2 . .
T,=" =) +¢= Ao €C Convolution:
Wy Wn ' .
Overdamped: w(®) = gl6)<h(t) = [ g(Oh(t=r)dr  gle) = any
up(t) = Cleklt + Cge)\?t )\1’2 eR
MDOF
t=0)=uyg=C;+C
{u( B ) B 1o _ ! C’+ 2)\ o Eigenfrequencies: {w;} Eigenvalues: {w?}
it = 0) =vo = MC1 + A2Co Mode shapes: Mass-normalized eigenvectors form an or-
Critically Damped: thonormal basis (in modal space) of all possible vibrations
up(t) = CreM 4 Cyte A2 €R t-. ic’s bad otherwise  #; = ay [uil um]T ﬁZTMﬂ'i =1 ﬁiTKﬁi = wf



Undamped
1. Solve transient/complementary ¥ = we/“! i € C"
Mi+Ki=0 char eq: det(K —w?M) =0
eigenvalues: {w?} eigenvectors: {u;}
Modal matrix: U = [11’1 a’n]

[@y ... up], diag(A\1 ... A,) = eig(K, M)
2. Diagonalize into decoupled ODEs of modal coordinates
Z=Uq S = diag(wi ... w?)

n

UTMU+UTKUZ = U” fsin(wt) <= [Z+ST = sin(wt)
Excitation of f to mode i is | £l

3. Independently solve each SDOF modal ODE

Gi +wigi = gisin(wt) ai(t) = qic(t) + @ip(t)

4. Inverse transform to physical coordinates, and plug ics
into total solution to solve for remaining undeter-
mined complementary solution coefficients & = U¢q

Proportional Damping

Let/assert: C' = aM + BK so that modal analysis can be
used to find natural frequencies and mode shapes

1. Ignore C, find eigenvalues and eigenvectors

eigenvalues: {w?} eigenvectors: {u;}

2. Diagonalize into decoupled ODEs of modal coordinates
using U7 ) ' .
Mg+ Cq+ K§ = fsin(wt)

I+ (oI + BS)7+ S7= U fsin(wt)
3. Compare to standard form to find damping

Gi + (a+ Bwl)gi + wiq = (a] f)sin(wt)
compare: < . . 9 T A
i + (2Gwi)gi + wi ¢ = (u; f)sin(wt)

With damping ratios: G = % (u% + 5%—)

4. Independently solve each SDOF modal ODE
i(t) = Gic(t) + qip(t)
Gic(t) = €S9t (A} cos(wqt) + Ag sin(wgt))
gic(t) = By cos(wt) + Bag sin(wt)

NOTE: Three frequencies present {w,w;, wiq}
(which assumes sys. is underdamped, otherwise

i = —CGw; £wi/CF - 1)
e Can use any form of harmonic motion eq.
e Ay, A come from fitting to ics
e By, By are determined from particular sol.
5. Inverse transform to physical coordinates, and plug ics

into total solution to solve for remaining undeter-
mined complementary solution coefficients & = U§

Levi Barker

General (Non-Proportional) Damping

1. Solve transient/complementary

let: Z.(t) =@e @€ C"  det(NPM+NC+K) =0
2. Solve for eigenvalues and eigenvectors (with MATLAB)

[dy ... up],diag(\ ... \,) = polyeig(K, C, M)

3. Assemble complementary

n

—

Z.(t) = Z (Aiﬁie)‘it) + complex conjugate
i=1

of sum at left

A; are determined by fitting ics to total response

4. Solve for the particular solution Solve for Z,(t) using

the complex form, and take either the Real or Imagi-
nary part of the solution to match to forcing function

let: () = Y/t Y eqn w = driving freq.
Re{7(t)}  f ~ cos
G(w) = [~w*M+jwC+K]™' = FRF gain
|Y1|sin(wt + ¢1)

%@_{mmm» [~ sin

Y = Gw)f(t)
|Y1|€j¢1

Y(w) = : Tp(t) = Im{y(t)} =

|Y,, |e?n Re{} for cos |V, | sin(wt + ¢n,)

|Y;|, ¢; are determined while fitting to the particular

5. Plug ics into total solution to solve for remaining

undetermined complementary solution coefficients A;

Vibration Absorber

xr

ol

[m 0 } Pt {’“ + Ka k} 7 = Fsin(wt)

0 mg —kq ke
Go(t) = Yel“t — Z,(t) = (—w’M + K) ! fsin(wt)

7(t) = Fosin(wt) [k, — w?m,
PWZqe(K M) | ke

(ko — w2ma) — 0, Tpm — 0 as desired!
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