Robotics With a Twist
DOF, = 6(1inks — 1~ Njoints) + 5, 77" DOF;
Homo.{Point:[pT 1] T Vector: [vT 0] T}
0T, (0) = exp(E101) - - - exp(Enbr) T (0)

z(t) = iaiti to<t<ty
°Ri'R; = OR; 0=> Ri(t) = "RiR(k6(t))
Angle Axis

R = exp(S(k0))
=1+350S(k)+ S%(k)(1 —ch)
= IcH + s0S(k) + kkT (1 — cf)

Tr(R) — 1 1 |Ts2 s
c@zir( ) k|:r137"31

2 2560 o1 —T19

(raz —ra3)?\ '/
s0=% +(r13 — r31)2
+(ra1 — r12)?

Homogeneous Transform — Twist

R d
Let T = ol 1

known.
if R=1 and d # 0:
d
e 3

-_10 d
- 0T o
elif R# I and d = 0:
Extract k and 6 using angle-axis

e

else:
Extract k and 6 using angle-axis

v = E(I —R)S(k) + icfeT} T

v = _ |S(kO) wv
e[ == ]
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Homogeneous Transform — Screw

R d
Let T = of 1 known.
Do HT — Twist, and get v, k, 6. Then
h=(kTv)/0 qg=(kxwv)/0

Screw — T'wist
Let q, k, h, and 6 known.
if h = co:

oer off] =[]

else:

gz{quk—l-kh}ez{z]e o ¢h

Twist — Screw

_ S(kf) v
Let 2 = |: (()T ) 0
Extract k, 6, and v from =2

h=(kTv)/0 g=(kxwv)/0

:| known.

Screw — Homogeneous Transform

Let q, k, h, and 6 known.
if h = oo
I v
r=lo 1]
else:

T— |:exp(057§k:9)) I - exp(S'(lkie))q + h9k:|

Twist — Homogeneous Transform
S(ko) v
o7 o
T = exp(E)

Let E = { } known.
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Velocity and updates

Ry, =S(wy) Ry, = "Ry S(Pwy)

"Rgp(t + dt) = exp(S(Cwapdt)) * Ry(t)
= *Ry(t) exp(S("wepdt))

Tb = *Ess S,I‘b = STb bEsb
STy(t + dt) = exp(*Egsdt) Ty (t)
= °Ty(t) exp("Egpdt)
. 1 —qT 1 0 —wT
== w= -
175 |-S(a) + ol 2w Sw)1?
q(t + dt) = q(t) + q(t)dt
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Spatial Jacobian Jg

[Odoo %&]T =J:6

&y = Alexp(E161) - - - exp(Ei—16i-1)]&:
Velocity Jacobian J,,

T 0., .
0. _ A . Zi—1
[ dg"n Owg"n] =J,0 prism. { 0 }

Jv _ |:OZO X Odon

0
Ozn—l X dn—l,n
020

0 Zn—1
Body Jacobian Jj

[Mdon " ]" =J,6

Jp = [&) £
&ip = A7 [exp(Eibi) - - - exp(Enbn) T (0)]€;



Jacobian Conversions

"6 = |on?| @.me {

[*R, ©
J”_{o ‘R,

e[
= A(sTb) b£sb

ACTy) = [ A

ATHETy) = [ 0

— A(.sTb—l)

(s
(s

Ry

(b7

Ry, S(°ds)°Ry

SRb

SRZ’

*Ry S(Sdsb)st] be,

}

SRT —°RTS(°d)

, sb)  trad.
sb)  body
, 8s)  spatial

:| Jp Js = A(STn)Jb

)

}

Singular Value Decomposition

A=UxvT At =v=iuT = (ATA)~ 1 AT
Omax(A)
Omin(A)
AN = A[I — AT(AAT)T A
0 = Win(Wout JWin) Wout€des

Properties of Vector Quantities

Kk(A) = €l,0) w7lelo, 1]

a-(bxe)=(axb)-c

ax(bxe)=(a-ec)b—(a-b)c
S%(k)=kkT —1 it |k|=1

Levi Barker U0959362
Robot 7960 Fall 2025




Conservation of Power (Statics) Dynamics

p=6T1 Lo; = qo,s x ms(wos X qo,i) = Tpiwos
— T T O, [ N
= | > (makllgo,ir) 1T — mirgo,irdg ix | woi
=-0TJgl' "w =1
Gravity Balance Iy, = I; + mi(||ro1||* T — roird;)
o/ I 0 L =R LR
T= _; vi |S(Or; comi)] I Oy, — [l O Ofoi + 0
1; ‘ 0 OI;] 59T |%wg; x OT; Owo;
= JT{ ) }Z ma : m;I 0] wo; X m; "vo;
; b [S(ricom)| ™ wi =0T g | 80T i % T g

£oi(t + t) ~ €oi(t) + £oi(t)dt

Levi Barker U0959362
Robot 7960 Fall 2025




Lagrangian Dynamics

L=T-V =T, =7 — Bib;

dt 8éi

1. . 1
Ti = 50TJ§QilMin,Qi0 K, = ngi'IOiWOi

1 n n

> I 0
T=5> > M0, Mi:{mo iIi:|

i=1j=1

n
M(0) =) _ o, Midiq, = {Mi;}
=1

Vi=millg|h(@) V=3X{,V;
N,; = BV/GQZ + /BZBZ Cij = Zzzlrijkék
ro_1 (aMij oMy, aMk.j)
k=9 \ a0, 00, 6,

M(0)6+C(0,6)0 + N0, 6) =T
M(0)6 + (C(6,0) + BY0 = 7' =1 — G(6)

Parallel Robots

J1 —Jd2 0

Jmfl _Jm Om

i
6T 6" =B~ '6
if C,CJC, = Cu:

Then build £ from éa from an active
joint, and the rest using

0, = —C}Cab. = Ab,

Caéa + Cpép =0

else:

panic.
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