
Robotics With a Twist
DOFr = 6(nlinks−1−njoints)+Σ

njoints

i DOFi

Homo.{Point:
[
pT 1

]T
Vector:

[
vT 0

]T }
0Tn(θ) = exp(Ξ1θ1) · · · exp(Ξnθn)

0Tn(0)

x(t) =

n∑
i=0

ait
i t0 ≤ t ≤ t1

0R1
1R2 = 0R2 =⇒ Rt(t) =

0R1R(kθ(t))

Angle Axis

R = exp(S(kθ))

= I + sθS(k) + S2(k)(1− cθ)

= Icθ + sθS(k) + kkT (1− cθ)

cθ =
Tr (R)− 1

2
k =

1

2sθ

r32 − r23
r13 − r31
r21 − r12


sθ = ±

1

2

 (r32 − r23)2

+(r13 − r31)2

+(r21 − r12)2

1/2

Homogeneous Transform −→ Twist

Let T =

[
R d
0T 1

]
known.

if R = I and d ̸= 0:

ξ =

[
d
0

]
Ξ =

[
0 d
0T 0

]
elif R ̸= I and d = 0:

Extract k and θ using angle-axis

ξ =

[
0
k

]
θ Ξ =

[
S(kθ) 0
0T 0

]
else:

Extract k and θ using angle-axis

v =

[
1

θ
(I −R)S(k̂) + k̂k̂T

]−1

d

ξ =

[
v
k

]
θ Ξ =

[
S(kθ) v
0T 0

]
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Homogeneous Transform −→ Screw

Let T =

[
R d
0T 1

]
known.

Do HT −→ Twist, and get v, k, θ. Then

h = (kT v)/θ q = (k × v)/θ

Screw −→ Twist
Let q, k, h, and θ known.
if h = ∞:

v = q × k ξ =

[
v
0

]
Ξ =

[
0 v
0T 0

]
else:

ξ =

[
q × k + kh

k

]
θ =

[
v
k

]
θ Ξ = ξ∧

Twist −→ Screw

Let Ξ =

[
S(kθ) v
0T 0

]
known.

Extract k, θ, and v from Ξ

h = (kT v)/θ q = (k × v)/θ

Screw −→ Homogeneous Transform
Let q, k, h, and θ known.
if h = ∞:

T =

[
I v
0T 1

]
else:

T =

[
exp(S(kθ)) (I − exp(S(kθ))q + hθk

0T 1

]
Twist −→ Homogeneous Transform

Let Ξ =

[
S(kθ) v
0T 0

]
known.

T = exp(Ξ)
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Velocity and updates

s
Ṙb = S(sωsb)

sRb = sRbS(bωsb)

sRsb(t+ dt) = exp(S(sωsbdt))
sRb(t)

= sRb(t) exp(S(bωsbdt))

s
Ṫ b = sΞss

sT b = sT b
bΞsb

sT b(t+ dt) = exp(sΞssdt)
sT b(t)

= sT b(t) exp(
bΞsbdt)

q̇ =
1

2

[
−qT

−S(q) + q0I

]
ω =

1

2

[
0 −ωT

ω S(ω)

]
q

q(t+ dt) = q(t) + q̇(t)dt
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Spatial Jacobian Js[
0
ḋ00

0ωT
0n

]T
= Jsθ̇

Js =
[
ξ1 ξ′2 · · · ξ′n

]
ξ′is = A[exp(Ξ1θ1) · · · exp(Ξi−1θi−1)]ξi

Velocity Jacobian Jv[
0
ḋT
0n

0ωT
0n

]T
= Jv θ̇ prism.

[
0zi−1

0

]

Jv =

[
0z0 × 0d0n . . . 0zn−1 × 0dn−1,n

0z0 . . . 0zn−1

]
Body Jacobian Jb[n

ḋ0n
nωT

0n

]T
= Jbθ̇

Jb =
[
ξ′1 · · · ξ′n

]
ξ′ib = A−1[exp(Ξiθi) · · · exp(Ξnθn)

0Tn(0)]ξi



Jacobian Conversions

αξβ =

[
αvβ
αωβ

]
(α, β) ∈

(s, sb) trad.
(b, sb) body
(s, ss) spatial


Jv =

[
sRb 0
0 sRb

]
Jb Js = A(sTn)Jb

sξss =

[
sRb S(sdsb)

sRb

0 Rb

]
bξsb

= A(sT b)
bξsb

A(sT b) =

[
sRb S(sdsb)

sRb

0 sRb

]

A−1(sT b) =

[
sRT

b − sRT
b S(sdsb)

0 sRT
b

]
= A(sT−1

b )

Singular Value Decomposition

A = UΣV T A† = V Σ†UT = (ATA)−1AT

κ(A) =
σmax(A)

σmin(A)
∈ [1, ∞) κ−1 ∈ [0, 1]

AN = A[I −AT (AAT )†A]

θ̇ = Win(WoutJWin)
†Woutξdes

Properties of Vector Quantities

a · (b× c) = (a× b) · c

a× (b× c) = (a · c)b− (a · b)c
S2(k) = kkT − I if ∥k∥ = 1
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Conservation of Power (Statics)

p = θ̇T τ

= −θ̇TJT
v

0wn

= −θ̇TJT
b

nwn

Gravity Balance

τ = −
n∑

i=1

JT
vi

[
I

S(0ri,COMi)

]
0gmi

= −
n∑

i=1

JT
bi

[
I

S(iri,COMi)

]
igmi
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Dynamics

L0i = q0,i ×mi(ω0i × q0,i) = I0iω0i

=

[
N∑

k=1

(mik∥q0,ik)∥2I −mikq0,ikq
T
0,ik

]
ω0i

I0i = Ii +mi(∥r01∥2I − r0ir
T
0i)

0Ii =
0Ri

iIi
0RT

i

0wi =

[
miI 0
0 0Ii

]
0
ξ̇0i +

[
0

0ω0i × 0Ii
0ω0i

]
iwi =

[
miI 0
0 iIi

]
i
ξ̇0i +

[
iω0i ×mi

iv0i
iω0i × iIi

iω0i

]
ξ0i(t+ δt) ≈ ξ0i(t) + ξ̇0i(t)δt



Lagrangian Dynamics

L = T −V
d

dt

∂L
∂θ̇i

−
∂L
∂θi

= Υi = τi −βiθ̇i

Ti =
1

2
θ̇TJT

b,Qi
MiJb,Qi

θ̇ Kr =
1

2
ω0i·I0iω0i

T =
1

2

n∑
i=1

n∑
j=1

Mij θ̇iθ̇j Mi =

[
miI 0
0 iIi

]

M(θ) =

n∑
i=1

JT
b,Qi
MiJb,Qi

= {Mij}

Vi = mi∥g∥h(θ) V = Σn
i=1Vi

Ni = ∂V/∂θi + βiθ̇i Cij = Σn
k=1Γijkθ̇k

Γijk =
1

2

(
∂Mij

∂θk
+

∂Mik

∂θj
−

∂Mkj

∂θi

)
M(θ)θ̈ +C(θ, θ̇)θ̇ +N(θ, θ̇) = τ

M(θ)θ̈ + (C(θ, θ̇) +B)θ̇ = τ ′ = τ −G(θ)

Parallel RobotsJ1 −J2

. . .

Jm−1 −Jm




θ̇
...

θ̇m

 = 0

[
θ̇T
a θ̇T

p

]T
= B−1θ̇ Caθ̇a +Cpθ̇p = 0

if CpC
†
pCa = Ca:

Then build ξ from θ̇a from an active
joint, and the rest using

θ̇p = −C†
pCaθ̇a = Aθ̇a

else:

panic.
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