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Coordinate Transforms T’
Left-to-right evaluation about the current frame
Operators D
Right-to-left evaluation about the fixed frame

1= 1 0> 0 -
let [ 61]1} =D [ 11?1] , and we want [ (1]2] =Dy [ 11?2]

0~ 0 - 0 -
then: q2 — OTlDl OTfl D2 — DO b2
G N I 1

tensor transform

Forward Kinematics

DH Parameters

1T, = Trans[d; ©'2;_1]Rot[R;

Zi-1

(65))] Trans[a; ‘&;]Rot[R;, (a;)]

e Coordinate transform (L—R about current frame)

o If 2, 1 1 2;, pick &; = £2,_1 X %;

o If Z;_1 || 4, pick Z; to intersect O;_; for kinem. calib.
¢ Tio=""To T1..." T Trool

e Don’t care solution keeps last row of DH zeroes except
the joint variable

Inverse Kinematics

0>
Find joint parameters 0 or d} Vi, given do, and Ron

0
0 Od0n1 T 0
A A
don = |"don2 | = |y Ry, = {ri;}
0
dons <

1 — cos(h)

0 = 2atan <:l: TOS(Q)

) half angle tan formula for cos
=1l o i—1y i—14
di—1;=d;"" " Zi1+a;" %

0 —1p—1-1 —1
Tn = TO TtoolnT

tool

IR, = R:_1(0;) R, (i)
‘R, ="R,..." 'R,

n
0> 1 A A
don = E di "Ri—1 " 251 + an *Ri My
k=1
Pythagorean

e If a convenient triangle can be drawn, use a
Pythagorean method to solve for joint angles
2 = g% 4+ 1% — 2abcos(C) w/ sides a, b, ¢ opposite

to angles A, B, C
Shadow Box/Line
1. Find A, B by projecting onto a plane (usually Zy — o)
2. Introduce ¢ and v such that 6 = ¢ + (7/2 — )

g0 61=0

3. Solve for ¢ = atan2(y, x) with 1 solution

4. Solve for cos(y) = A/r or sin(¢) = cos(w/2+ 1)) = B/r
using the half angle tangent formula, based on what is
known within A and B, resulting in 2 solutions

5. Plug into 6; = ¢ + (/2 — ¢)), resulting in 2 solutions
because of ¥

Projection/Influence Table

e Consider the spatial effect of perturbing each joint
individually. If only a dimension (z, y, z) is affected

by only one joint, project d_E)n with that dimension,
and find that joint variable

Euler Angles

Rapc = Ra(¢)Rp(0)Rc () = {rij}

0. Write out each rotation matrix, and simplify to total
rotation matrix

A, B, Ce{t, g, 2}

1. Find first angle by taking the ratio of two r;; com-
ponents s.t. they simplify to tan(Z£;), and apply half
angle tan to find 2 solutions for /;

2. Find the r;; that only includes one trig(Z£s). Take two
other 7;; and multiply by sin / cos to result in the com-
plementary trig(Z2), then use atan2(sin(Z2), cos(Zs))
to find 1 solution for /5

cos(L)rij +sin(L)ry st = [cos? (L) + sin’(L)]trig(L2)

3. Similar to step 2, perform the addition cancellation
twice (using four r;;) to achieve estimates for sin(/3)
and cos(Z3), then atan2(sin(Z3), cos(Z3)) to find 1
solution for /3

If sin(f) = 0, the rotation matrix is degenerate and becomes
Rapc = Rac = Ra(¢)Rc(¥). If A= C, it becomes R (¢ +
1), where ¢ and ¥ cannot be uniquely solved. Convention is
¢ = 0, and solve for 6, 1.

Inverse Kinematic Velocities

Solve for joint (positions, velocities, accelerations) in that

order, given dy,, or @y, from trajectory planner

”The time derivative of a fixed length vector is the angular
velocity of the body w/ which it is fixed, crossed w/ the
fixed length vector”

i—1

Ry = 0;5(""2,_1)R:(6:)
= 5(01 i_léi_l)Rg(gi) = i_ldz'l- X Rg(al)



Levi Barker

Intro to Robotics

U0959362

0- 0
. . o .
recursive { 1 =G0 x di_14
rotar 0~ 0~ A 04
Y Woi = "Wo,i—1+0; Zi1
. 0 0 0 -
recursive di—1i =di "Zi1+ @oi X di—1,
rismatic 0 -
P Woi = "Wo,i—1+0
g0 ] (0, 0= 0. 0 - 61
= don, =J 52 20 don Zn—1 dnfl,n .
0- v 02 02 :
8 On 20 Zn—1 .
L L i
o .
‘270 7 . 0~ 0. dq ]
Sl don| = gq=1|"~ Zn-1] | . interweave
2 %0, v 0 0 : accordingly
8- - d,

0
1. Write out do, or “@o,, in terms of DH params

2. Isolate a joint rate by dotting the velocity vector with
some coordinate vector.

3. Vector algebra until the joint rate ; is isolated

4. Define a residual velocity vector v7 = an— term

involving the solved for 6;

5. Repeat steps 3 and 4 with new v; definitions until all
joint rates found

6. Acknowledge singularities when denominators ~ 0

Inverse Kinematic Accelerations

recursive

o (0 0+ 0:, 0= 0~ 0o~ 0z
5 doi = doi—1+ @oi X di—1,i+ Woi X (Woi X di—1,
B)0, 0. .03 605 0
Al Wo = Wo-1 0 21+ 0 Woi—1 X 21
0 - 0 - 0 - 0 - 0 -
) y 0 - 0-
= doi = doji—1+ @oi X di—1,;+ Wo;i X ( Woi X difl,i)
& d0s 92d. 93 03
= +a; Zi—1+2d; Woi—1 X Zi—1
= |0, 0.,
A\ Wos = Woi-1+0
0
d S 5 . .
lo “on | = J,0 4+ J,0 where J, is complicated
Won

After computing the bias accel. @ = Jug, the following can
be solved using the same method as inverse velocities, as
”accelerating from rest looks just like velocity”

0 0z
; . - d . .
on | a _ J’u — On | _ g = 91 terms
0., ~— N 0
Won Won i
leftovers 2 dot terms
N~——
from traj
Statics

e (Q; = point of center of mass of link ¢

e Q;; = k'™ point on link ¢

o 7 = @Q; — O; = center of mass of link j wrt to origin 4
e m; = [ [ [ pdV = mass of link i

® i = j™ point on link i wrt to origin k

o 1y = [ [ [ @kijpdV = mass moment of link i about
origin k

def. Effort by actuator i :

® 7 = Mi;/m; = mass moment of link ¢ about origin k&
scaled by mass of link ¢

. f;j = force from body ¢ on body j

e 7i;; = torque from body ¢ on body j

7,3 = composite center of mass
if body 1 + body 2 = body 3
about origin k

miTE1 + MaTk2

T3 =
mq + meo

Assume COG at distal end of link to simplify calcs (torques
are messier otherwise). Sum torques about proximal

def. Gravity vec: = —gI' T e{Z;, 4, 2}

g
F;

Zifl‘fifl,i Ty = Z2i—1"NMn—-1,

Recursive formulation

link 7 : Zf: 0= ﬁ—u - ﬁ,i+1 +m g

0 - link 7 : g 0,1 = 0= 70 j_1 =M1, +Ti—1,: XM G—di—1,i X fi,i+1

Dynamics
Assume MOI I; is at distal end. Sum torques about distal
end to avoid parallel axis thm.

F=mifo; = (net) fi =miro;
ioi = Ioi@oi = (net, COG) 7i; = @o; x IiGoi + Iitoi
y2 + 22 —xy —xz
Io;i = ///de —zy 2?4+ —yz | ={lo ik}
—xz —Yz x? + y2

I; = inertia of link j about frame j. I;; = inertia of link ¢
about origin/point k

OToi =R, "1o;"RY

def parallel axis thm:
tensor transform
Ty —+ T4

T =
f: fg+fd

Recursive Newton-Euler

Effects of gravity are decoupled
from dynamics. Solve independently

Assume joint (variables, rates, accelerations) are solved for,
the joint efforts are solved using f; = 2;_1 - fi—1; and 73 =
Zi, - i—1,; for each link

1. Solve for the n*®/distal joint effort
Z f :mnFOn = fnfl,n
ZﬁOn = n530n +d % InwOn
- Fn—l,n X fn—l,n

=Np—1,n

2. Working links distal to proximal, solve recursively
using

E f=m;To; = fifl,i
E Tto, =1l + @ x L;do;

=iti_1, — Ti—1,4 X fi1,6 + Ta X fiit1
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Extrassss
aRb:[afb agb agb:l aﬁ:aRbbﬁ aRb—lzaRZ‘
Bl Ry “dup| [*F] _ . ["F] _ by
[1}_ 07 1“1_T”1_Db1
7 I aCZ aRb 0
o, — T (ada) COR) = | L dan| |
b rans b | Rot (“Ry) G ) i1

Angle-Axis
R (0) = cos(0)T + (1 — cos(9))k kT + sin(6)S (k;) = {ry}
CO+ k(1 — C0)

kiks(1 — CO) + S0ks  CO+ k2(1 — C0)
krks(1 — CO) + SOks  kaks(1 — CO) + SOk,

A 0 —ks ko A A
S (’ﬂ) = _kzz ]?1 —écl -5 (k) =S (k)T
0 — atan2(S0, C6) co— T(Bi0) -1

2

1/2

1
SO = i§ [(rs2 — r23)® + (r13 — r31)” + (121 — r12)?]

Poles

Quaternions

(L2a+bi+cj+dkecH

(@) =&

a, b, c,deR

7

keko(1— CO) — SOks  kiks(1 — CO) + SOk
koks(1 — CO) — SOk,
CO+ k2(1— C0)

FeH\R

ﬁq:: (po +P) (g0 + ¢) = (or imaj. number math)
=poqo +pod+ QP+ DX GT—P-q




