Levi Barker

Intro to Optimization

1st Half
-] R*=Ros.t : [|Z]] > 0, [AZ] = [A[[[Z]], |7+l < 2]+
279 < |17]2ll72 (C.5) RE ={R" >0} R}, ={R"> 0}
A, ={FeR":z;>0iec{l,.,n}, 1TZ=1}
B r)={x € ]%L" : |\f—§]L< r} // open( ), closed] ]

||pr = (Z |=’Ei|p> |AllF = \/Ei2j|Aij|

i=1

1AZ]ly < I AllapliElla W/ [1Allap = max{|AZly : |Z]: < 1}
|Allz = [|All2,2 = A/ Amax (AT A) = omax(A) // spectral norm
lA]l: = Inax {col. sums} lA]lo = max {row. sums}
i=1,..., j=1,...,n
. 7T AT .
Ra(Z#0) = T Amin(A) < RA(Z # 0) < Amax(A4)
Amin(A) = min RA(Z) Amax(4) = max RA(Z)
- 7+ td;) — f(& .
F(@ d) = tim LEED) ZIE) Gt d ) g deriv.
t—0+ t
of
oxq |
Vi@ =] : | eR" V(@)= |VhA V.| € R
of | |
0Ty
TS f(§) =f(@) + V(@) (7 - 1)

=ol|g—&|| for lin. approx quad. approx

— —

F@ +d) = () + VE )+ d92 (@) d + o |d]?)
N—— 2
=0 if stat. pt.

lim f(%) =00 = V2f(&) =0

IZ]| =00

// Coercive

Necessary 2" Order Optimality

if #* is local min, then V?f(7*) = 0 local maxif <0

Sufficient 2°¢ Order Optimality

if V2f(7*) = 0 then #* is strict local min maxif < 0

if V2£(#*) is indef. then Z* is a saddle
Global Optimality

if V2f(2*) = 0, V&, Z* = stat. pt, then Z* is global min
if Im > 0s.t. V2f(&) = mlI, V& then:

J@z @)+ 5 |E-FP 2 @)

bowl above f(&*)
Least Squares

AZ=b  AecR™" {

m > noverdetermined

m < nunderdetermined

U0959362
residuals
,—/% N
min AT —b|3 = FTATAZ — 26T AT —b"b
TzeR™

Vao()=0 = ATAz= 4"}
itm>n, ATA-0 = 7= (4T4)"14Tb

// Normal eqs

J]% Ty 1 a Y1
f@)=ar® +br+c = | : oo bl =
22w, 1| L€ Ym
Gradient Method Converges linearly
- Vi@)Td <0
def. d € R" is descent dir. of f at & if f(a_i) 4=
Vi@ d) <0
2
gradient w/ exact , < (E= 1 S _ Amax(4)
line search satisﬁesf(xkﬂ) —“\k+1 F(@x), w= Amin (4)

if f € CY(R™), bounded below, andV f(Z) € C}', L, M >0 :

f flattens F(@x) = [(@r41) > M|V f(@)]* >0
as k — oo ming—o, . | V£ (Z)] < fﬁ(ﬂl{;

Descent Direction ”Method”

Inputs: 7y € R"”, tolerance ¢ > 0
While |V f(Z)]| > e

1. Choose d;

i — -V f(Z) // gradient/steepest descent
"7 =IV2f(@) V(@) // Newton (only if H = 0)
2. Choose step size t; via line search

t // constant
arg mingso f (& + tedr)  // exact
// see backtrack

tr =

3. Set Ty = Tp + trdp, k =k + 1

Backtracking Line Search
Inputs: s >0, « € (0, 1), 8€ (0, 1)

1. Set t, = s

2. While f(Zx + tedy) > f(ZFx) + atiV f(T5) Tdy,
tp = Bty

Lipschitz Continuity

”If the next derivative is bounded by some L for all x, then
the function is Lipschitz at the current derivative with L being
the boundary”.

def. feCp'(RY) < ||Vf(@) - V@) < L|& -7
thm 4.20 fe Cp'(R") < |V2f(@)|| < L, VZ € R™
cr<cpt <ot

// Lipschitz is ”in between”
, " Y
feCr RY) = (@) < f@)+VF@D(G-7)+ S5-I

fEC(RY) = f(@)—f(T—tVf(F)) = t(1-Lt/2)|V (@)

(Pure) Newton’s Method
Inputs: 7y € R, tolerance € > 0
While |V f(Z)|| > ¢

Converges quadratically
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1. Set dy = —[V2f(Z%)] 'V £ (Zk) 1. Pick step size ¢ (small, or line search)
2. Set Fpy1 = Tp, + dy, /) te=1 2. Tpy1 = Po(Ty — t,Vf(Z1))
3. Set k=k+1 3. If‘|fk+1—fk||§€, STOP

”Newton’s method approximates a function as quadratic and ~Unlikely for V f(2*) ~ 0. Different from other methods. Sub-
solves it directly. If the function is quadratic already, it solves linear converge if Lipschitz ¢ chosen well. (With n = # iters)

it in one step”. KKT .
”Only descends if A = 0, and still can fail. Expensive, solves f(@) — f* < |70 — f*HQ/(?m)
linear system (V?) at every k”.
P min i . gi» h; € C*(R"
Assume V2 f (%) = mI, VZ € R", then: (P) TER™ /(@) 1 90 hy (&)
, , s.t. G(@) <0 i=1,...m
o A< Tl — . . 5 ‘
HY f(&) ﬁ \Y f(i/)llq_ LHjC 2yll // Lipschitz hi(@) =0 j=1,...p
|Zxq1 — 2| < 55|12k — 2| // Converge quad.
Damped Newton’s Method Def. I(z*) = {i € [m] : g;(Z*) = 0} = set of active constr.
Newton’s Method but Backtracking for step size. Def. feasible pt Z* is regular if :

Def. Weierstrass Thm : if f € C*(C € R™), C non-empty, {Vgi(@) : i € 1(77)} U{th (#):j=1,... p}arelin. indep
Compact = global (min, max) of f over C Def. Slater’s Condition holds if : 3% e R" s.t. g (.’1_3") < 0Vi

%

Z* is local min of (P), regular

i
2nd Half (Slater’s cond holds)
and if (P) convex = KKT pt IS opt pt suf

KKT Conditions

—> KKT pt nec

min concave f(over convex set) = Jmin at ext pt

In strictly convex opt prob, local min are global min
The set of opt pts to convex opt prob is also convex

Def. C convex <= Z, ¢y, [M+(1-NyleC, A€o, 1]

351, fn+1 es
s.t.@% € conv({Z1, ... Tnt1})
Caratheodry thm Duality

it S CR", T € conv(S);

q(X, f) = min L(Z, X, i) //always concave, sol is ext pt

Def. S is convex cone <= {ﬂ
Z

T1, ... Tp €R" D) ¢* = maxq(X, i always convex, even if (P) isn’t
Def. conic comb. \# + -+ AT W/ T ® ke ’ (D) 4 X i 4% A) /! v (P)
AeRY . B
= 0 m p. i .
FeS isextptof ., 33, £ 5 € S, dom(q) = {(A, i) € R} x R” : q(A, fi) > —oo}

Def. S CR", convex = st F= AT+ (1 =N Weak Duality: ¢* < f* always holds

Strong Duality: ¢* = f* when (P) convex, w/ min > —o0
Advanced Variants
Def. f:C — R"convex if : ”Dream: by approximating the Hessian instead of computing,

- - - - S o the number of iterations can be reduced w/o incurring the cost
— < —
FOFHI-ND) M@ HL-NF@)  VE GO Ao 1] [ e

e Diagonal scaling: Set d, = DV [f(Zx) = SSTVf ()
f convex <= f(&)+VF@DT(G-7) < f(y) V&, g€ C 1% where £ = S¥ is a change in variables to alter z;’s, or
f convex <= V2f(Z) = OVZ € C (strictly if =) ond non-dimensionalize to have similar sensitivity to changes

across all z;’s.

if S CR" is compact, convex : S = conv(ext(.S))

Def. Jenson’s ineq : f(Z;M\@5) < i f (%)

.. . . > 22 .
Def. Orthog. Proj: Pe(7) = arg f%él”x al //umique e BFGS Quasi-Newton: Alters the problem to utilize the

inverse-Hessian while avoiding the issue of ever invert-
ing. Can converge super-linearly (faster than grad. desc,

{ feC' = local min are stat pts nec for opt slower than Newton’s). Limited memory variant exist.

Def. #* € C isstat ptif: V(@) (& —-7*)>0VieC

F also convex suff for opt Most opt solvers use this method.

o Gauss-Newton Method: Solves the non-linear least

Gradient Projection Method Converges sublinearly squares problem when f : R” — R™ via Jacobian

Set Zy € C, € > 0, and repeat for k =0, 1, ...
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Content that didn’t fit

(7T %)? 4k Amax(A) .
GTA17) > CESIE K= T (A) // Kantrovic ineq.

Symmetric, Square A Properties

T(A) =Y A=Y A detd) = [[aa)

=1
_.TA_.
Ru(Z #0) = ‘”fT; Amin(A) < Ra(Z # 0) < Amax(A)
f c 02(Rn) (VZf(f)) _ an c R7X7
tj 895%8%

nE) = f(g(Z))  VhE) = Vyg(Z)V[(9(Z)) // chain rule

int(U) ={#e€U:B(& r) CU: for somer >0}
CIU) =({T:T 2U, T closed}
U C R™ bounded if IM > 0s.t. U ¢ B(0, M)

compact = closed 4+ bounded
SCR"” ff=inf{f(Z): € S} =min{f(Z): 7 € S}

if proper min. in set

Definiteness of Symmetric Matrices

Name Symbolic Eigenvalues Vi
PSD A0 Ai(A) >0
PD A>0 Ai(4) >0
NSD A=<0 Ai(A) <0
ND A=<0 Ai(A) <0

Ind. AZ0,A%0 Amax(4) >0, Amin(4) <0
Def. AcR"™" =0 if Z'AT>0 VZieR"
Def. AcR™" =0 if ZTAZ>0 VZeR™\ {0}
A=0—A; >0 A-0—A; >0
if signs on diagonal differ, A is Indef.
Hybrid Gradient Newton Method

if V2f(a7) = 0 = dy = —[V2f(Z)] "'V I(Z)

otherwise: d = —V f ()
Circle Fitting
”Non-linear least squares problem that can be reformulated
as a linear least squares problem”.
fit most pts. @; with C(&, r) ={a € R": ||d — &|| = r}

m

Orig prob: min » (—2a; £+ R+ ||(ii||2)2
R
. . T —|2 = Li" 1
Equivalent to: min |[Ay — bH where: i = [ } € R"*
g‘e]Rn#»l R
—2af - —1 ll@
A= : eR™M p=1| : | €R™
“2f- -1 i

gives: =y [1:n], ™ =]Z)2? - y*[n + 1]



