Mechanics of Materials
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Plane Stress
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3D Stress
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e Can use Mohr’s circle only if 44+ shear stresses = 0

e Each circle on Mohr’s circle is drawn as if looking
down each principal direction axis at the element in
principal stresses.
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Strain

Superposition of u, v, w is valid if linearly elastic or small
displacements
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Mohr’s circle can be used only with tensorial strains
Strain Compatibility
Satisfy all to ensure compatibility
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Hooke’s Law
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Transverse Isotropy
Behavior is identical in directions 2

and 3, not 1
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Orthotropic
Behavior is different in each principal direction
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Strain Energy

(hydrostatic cond.)
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Failure Theories

Table 4.3. Yield Strength 6, and Fatigue Toughness K for Some Materials

o, K: Minimum Values of a and t
Metals MPa  (ksi) MPaN'm  (ksiVin.) mm (in.)
Steel
AISI4340 1503 (218) 59 (537) 39 (0.15)
Stainless steel
AISI 403 690 (100) 77 (70.1) 3.1 (122)
Aluminum
2024-T851 444 (64.4) 23 (20.9) 6.7 (0.26)
7075-T7351 392 (56.9) 31 (282) 156 (0.61)
Titanium
Ti-6AL6V 1149 (167) 66 (60.1) 82 (032)
Ti-6AL4V 798  (116) 111 (101) 484 (191)
Cracks
K=\ MPa - m!/? lid if a,t> K?/o>
= AOnomVTa [MPa-m*/*] valid if a,t > K /oy,
Fatigue
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OCR ln(af /Je)
NCR:Nf <) = — Oe <OCR<Of
oy In(N [ /Ne)
1 1
Om = i(a—maa: + Umin) Oq = i(a—maa: - Umin)

Fatigue Criteria

o Modified Goodman:
e Soderberg:

0a/O0CR + Om/ouw =1/n

Oa/0CR+ Om/oyy =1/n

Ductile

e Max Normal:

e Max Shear Stress/Tresca:

|017 g2, U3| Z Uy; Oy

Tmaz = (Ul - 03) > Oy

e Von Mises/Distortional Energy:

20517 =(0y —0y)? + (0, — 0.)* + (0, — 0,)*

+6(72, + 7o, + 7o)

OR 20517 = (01 — 02)% + (09 — 03)% — (03 — 01)?
Octahedral Shear: Toct = 0.470)
Tresca is more conservative, VM is more accurate

Bigger parts are more conservative

Brittle
oy, for tensile, o,/ for compressive

Max Normal: same as ductile, but allows o, # o
Coulomb-Mohr: o1/ou —o03fow =1/n

Coulomb-Mohr is conservative, max normal is liberal

o Gerber: ou/ocr + (Om/ow)? =1/n
e SAE: 0a/0cR+ Om/op =1/n
End points for S-N diagram (Fig. 4.3)
Ductile steels Briule (hard) steels
) (o, = 1750 MPa) (0, > 1750 MPa)
Fatigue
Criterion ay Ny @, N. oy Ny a, N
Modified
Goodman 0.9, 100 1Ko, 10° 09, 10° iKe, 10°
Soderberg 0.9er, 100 Ke, 10° 09, 10° iKe, 10°
Gerber 090, 100 1Ko, 10° 09, 10° Ko, 10°
SAE a, +350x10° 1 iKa, 10° a, 1 Ko, 10°
Dynamic Loading
. 2h
Vertical:  dpae =05t | L +4/1+ 6—t = KOst Payn =rW
S
) v2 v2
Horizontal: Omaz = Ost4| — Payn =Wy | ——
g(sst d(sst
Theory of Elasticity
Typically, body forces equal zero.
Plane Strain
» o (s 4 ) 1L (OF, , OF,
— + == | (o Oy) = — —_—
o0xr2 = Oy? v 1—v \ Oz Oy
Plane Stress
0? 0? OoF, OF,
Y
—+t =5 |(loz+oy)=—1+v)| -—+ =
(8562 oy? (o ) ( ) or Oy



Airy’s Stress Function

Spheres Py = (1.5F)/(ma?)
Define ®(z,y) — e e 0°®
Opr = —& g, == —— Toy = —
Y Oy? Yo a2 Y Oxdy , , 13
3F (1— E 1- E
to satisfy and boundary conditions, and a= —( vi)/Er+ (L= 1)/ By area = ma®
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Concentrated Loads ) 1/3
1 1 1 1
5 =077 |F* | — + — —+ = if 1) =1p ~0.3
<E1+E2> (r1+r2>] I V) =12
* relative displacement of sphere centers
Flat surface, ro — oco. Spherical cup, ro — —r2
Induced Stresses at Contact
Loading in z direction, z is distance from contact surface
z 1 1
o(2) = — P |(1=Zatan | — ) ) (1 +v) = =———
o) =ate) == (1= Jotan (5} ) 040 - gt
_P, 1
0:(2) = 1+ (z/a)? Tyz = Tz = 5(% —0:) Tey =0
Normal Bending Parallel Cylinders
2 F
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0'9:7'7_9:0 UQZTTQZO :|: 172 < 1 2>:|
7TL(’I"1 + 7'2) E1 Eg
O :UTCOSZ(H) _F 22y Induced Stresses at Contact
—Pcos4(9) Oy :a — %sin(Qa) (22 + y2)2 Loading in z direction, z is distance from contact surface
Lo+ Lsin(2a) o -F 3 2 _p,
Y a— Lsin(2a) (22 + y?)? 0x(2) = —2vhy L+ (g) - 0.(z) = W
0 —F xy?
= T = Taj = R
% = Tay Y a— Lsin(2a) (22 + y?)? 1 2\2 .z
oy(z) =P |2 ——— 1+(J _9Z
1+ (2/a)? a a
e _ ) 1 1 1
Semi-infinite plate (o = 7/2): Tuy = i(o'x —0y,) Ty = 5(gy —0,)  Tez = E(ggc —0.)
2P cos(0) o —0
T T, g6 = Tro = General Contact

Stress Concentrations

max stress Omazx

nominal stress

//tabulated

3a?t
+TT_

Unom
Uni-axial Tension (hole)
1
Opr = =00

a? 4a?
5 [(1 - 7“2) + (1 7“2> cos(29)}
1 a® 3a*
gp = 50’0 |:<]. + 7“2) - (1 + ’I“4> 008(20):|
1 3a*  4a?
Trog = —=00 <1 — TT + 7,.2) 008(29)
Theory of elasticity allows for superposition if bi/tri-axial.
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Elliptical hole: K =1+42(b/a) Omaz = Koo 2b > 2a

Contact Stresses

Assume/verify 14 = 15, and Ey = Es

1. Assign rq, rq, r2, rh, and 6. Primes are larger radii,

0 < 0 < 180 is between primes or non-primes

2. Calculate m, n
4 4F
m = n =
Lil+1i+2 3(1—1v?)
T1 T T2 Ta
3. Calculate A, B A=2/m
/1 1\* /1 1\
B=x-|(—-=) +(—-
2 [\ ro T
1/2
1 1 1 1
+2 ( - /> ( - ,> 005(29)]
71 T T2 T9



4. Calculate o, cq, ¢ (interpolate)  cos(a) = B/A

KN oS- — o~ AN o
BRI FESREERITE
ST TR TLeennBRR SRS

- - R R -

B = [~ O O T % o 00 v
- hm@mNW—£F§CN£§
v -0 O -Q

pI SR AL (ED el Rt St e Sl {0t SR (b
o
g‘C-AWCV‘.CU‘AV“uU‘,CU‘.g
~ N N T TN =Y=] ~ 00 o0
3
)

5. Calculate ¢, ¢

(Fm>1/3 <Fm)1/3
a=cq | — b=c, | —
n n

6. Calculate pressure Py = (1.5F)/(mwab)
Configuration Spheres: Po=15 F_ Cylinders: p, = £ i
! mar’ * wal
A :T Sphere on a Flat Surface Cylinder on a Flat Surface
— [F
_f a=0880 VFr,a a=1076 \| ;b
;.-| - For £, = E;=E:
pic i BN . L TE
b & =0.775 VF r, & EL \3 + In 5
B 2y Two Spherical Balls Two Cylindrical Rollers
| r
Y pA [FA
=0 | F = e
a=0880y " 5 a= 1076 e

8 =075 VFAY «— M

* note that soft object dominates results for contact area and displacement:

1 1 E+E, Ey 1
— =22 fE, »E; A= ==
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C Sphere on a Spherical Seat  Cylinder on a Cylindrical Seat
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Asymmetric Bending

Eq. in this section follow directional convention of diagram
Solve for ¢, at the point in max compression or tension

/’z,
—— ///
N.A.S . V:

L z

TV ¢

4 .2
My - da

\

(My[y + szyZ)z - (Mnyz + MZIy)y
1,1, — IyQZ

Oy =

Yo  MyL+M.I,. y. M/

t = —= —= 7 = e =
an(9) = — M,I,. + M.I, =, M.,

Finding the right coordinate system allows for no transverse
deformation, no products of inertia, only moments of iner-
tia. Things are then symmetric, and the body behaves as
expected.

@5/&m L:/ﬁm J@:/WM
A A A

Where: dA =idj L, jEX,Y, 2 1#]

Inertias Obey ”Mohr’s Circle”

I+ 1. I, - L\’
11,2 = y+ i\/( K 9 ) +I§z :Imaza-[min

2
L+L I,-1I, ,
I, = 5+t cos(20) — I, sin(20)
—21
tan(29p) = ﬁ

Shear Stress

_ve _ve _ _
T= q—T—Tt t = length of cut

@ = (Area beyond)(dist from NA to centroid)

N
=Y (I + Aid}) di = dem —dna
i=1

Shear Center
Balance internal stress and external loading to generate
bending only, no torsion.

1. Resolve shear flow into stress forces along beam cross-
section

b
F,, = //TdA = /Ttds = /0 qds
const. t
2. Draw a loading with external shear force only, acting
at a point on all symmetry axes, with e dimension

labelled

3. Equate parts 1 and 2, solve for e



Torsion Thick-Walled Pressure Vessels

rs
TL T thick-walled if - <10
pd¢p = ydox = v = % Geire = a Tcirc = 7p rewatiec t
2p _ 12 . 212
No warping of cross-sections, only in and out of plane: oy = a’h; —b° P, — (P — Po)a”b
b2 — a2 (b2 — a2)r2
u=—yb, v =z0, w=w(z,y) 0= % _ a®P;— VP, (P, — P,)a’h?
M P— (%2 — a?)r?
Strains Pa®_ P2
if open: 0, =0 if closed: o, = %
ow ow
Ez:nyZEyZEzZO Wza::aix_yg sz:aiy"‘xe i open: 5_u_]_—V(a2.P7;—b2PO)7" 1+V(Pi—Po)a2b2
pet o =u="g b2 — a? E (®—-a?)r
Stresses Internal P only: 0y maz,00,maee at inner
5 P External P only: 0, . at outer, 0g maqq at inner
Tys =G <8w + x@) Tow = G <(‘9w — y9> Internal and External Pressures
Y x
b P, 0y,
Oy =0y =0:="Tay =0 Let: ~ R=- P=% S
Prandtl’s Stress Function Then solve for stresses using the following (og, = op(r = b)):
d P R*(1-P
Deﬁneq):@(x,y)—m-u:g— Tyz:—g— . Pl—PRQ_'_Pb2 1—-P S_l—l— 17},32)
Y . TR T T (R L+ 15
to satisfy and boundary conditions, and
Press/Shrink Fits
0?®  9%®
9 o H=-2G¢ 5 bP b2+c a+b2
= E 2 —V;
2T (a® + 03T ES 2
Elli lution:  Tyar = —— == (b — a?)(c* — b?)
ipse solution T, Tab? Ta3h3G P=at surfa@s1 = < W22 — o)
e Quter corners of shapes have zero shear stress same materia

e Max shear stresses at free surface closest to centroid Rotating Disks
e Circular cross-section best at holding loads Annular Disk

Membrane Analogy

3 a’b?
or = +V<a +b02—7 —)pw2

e S is surface tension 8 r?
_3+V 2 2 14+3v , a?b? 9
e Stress concentrations not accounted for 90 =73 a”+ 06" = 3+ e 2 )P
Ormaz(r = Vab) = 3+ Y (b — a)2pu?
Membrane Problem  Torsion Problem 8
z [0 272
1-— 1 1 b
1/8 G 5:u:7(3+y8)é Y) <a2+b2311/r2+1+ya2)0&127’
P 90 v vor
—0z/0x , 0z/0y Tey > Tox Solid Disk
2V T
3 3
- T e B et (e = 0) = S
rect/unravelled open section Tmaz = =5 = —
bt? b3G 3+v 1+ 3v 3+ v
Thin-wall o9 = 2 (b2 _ T 7"2> pr 00.mazx (’I“ _ O) — < b2pw2
closed section 7T 0 1 % ds 1
T = = T — Vv
—_—— 2A,,t 2A,,G =y = 2 _ 21 pw?
Thin-wall 6 u SE [(3 + V)b (1 + V)T ]pw r



Strain Energy

1
Uo = 5(090593+0y€y+Uz€z+7'wy’7zy+Tyz7yz+7mz'7wz) = 5(0 1e)
Up =— (0% + 02 + 02) — L(020y + 0y0s + 0202)
0 =55 (% O' o 7020y +0y0: + 050,
1
+ %(Ta%y + Ty22 + TIQZ)

N2 M? aV? T2
U= d ——dx d
/2AE ”“"“L/zEI +/2AG ngL/2JG”
Castigliano’s Theorem
Can be applied with dummy loads (P = 0) at locations

of interest, or applied to find reaction forces/couples in in-
determinant structures.

; N
s o

L ov 1 8T
AG oP, JG | *ap,
0 = AE
av - L aT
AG 0.+ 56 | Tag, ™

* Applies to box beams, and channels too

a | Value
Rectangular 6/5
I-Beam* A/Aypen
Circle 10/9
Thin-wall cyl. 2
Buckling
2ET I L
Perit = FT(% "=\12 e slenderness ratio
Condition ‘ L.
Pinned-pinned L
Fixed-free 2L
Fixed-fixed L/2
Pinned-fixed 0.7L
Plasticity
oo = Kej  log(og) =log(K) + nlog(e) zero indicates true

Bending Elastic-Perfectly Plastic
3 1 re\2
M2My”(13(h> )
2 2
M=13n, (1—1<T) ) = M, (1—1(T> >
2 3\ ryp 3 \Typ

e = non-plastic region
rect. b X 2h beams only

Torsion Elastic-Perfectly Plastic

mc? I 4 1 pj Tun L
T'=— 6 (4_03>Typ:37'yp<1 403) Gyp = gc
: po b 4 195
at onset of yield - = % T 37vp ( - Z%
Other
0= % (ST = aATL

(1[e

Deformation sign convention

1 (l
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